GAUSSIAN PROCESSES
EXERCISE SHEET 5: ENTROPY AND CLT

Exercise 1 (Two identities). The Fisher information is translation invariant: J(X + a) = J(X),
and scales as J(aX) = a2 J(X).

Exercise 2 (De Bruijn’s identity). Let X be a random variable with finite variance and differen-
tiable density. Let Y be a standard Gaussian.
(1) Denote Z; = X + \/tY. Prove that $H(Z;) = LJ(Z;). (Hint: Prove that the density p; of

Zy satisfies Spi(x) = $p}(x).)
(2) Denote Z; = e X + /1 —e2tY. Prove that %H(Zt) = J(Z:) — 1. (Hint: Prove that the
density p; of Z; satisfies Spi(x) = p{(z) + (zpi(z))".)
Here H(X) := Elog p(X).

Exercise 3 (Smoothed variables are nice). Let X be any R-valued random variable of finite vari-
ance. Let'Y be some independent r.v.

e Suppose that Y has a smooth density, prove that X +Y has a smooth density.
e Suppose that Y has an everywhere positive density, prove that X +Y has a positive density.

In particular, deduce that if Y is a Gaussian then X +Y has continuously differentiable density that
1s uniformly bounded away from zero on any compact interval, has an uniformly bounded derivative,
finite Fisher information and moreover its score-function has a uniformly bounded 4-th moment.

Exercise 4 (Cramér-Rao lower bound). Let p(z,0) be a family of probability distributions, indexed
by a real parameter 6. Define the score function pg(x) by
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and suppose that it is well-defined. The Fisher information is then defined by
J(0) = Egpj(X),

where By means that we take the expectation with respect to the density p(-,0).
Let now T be an unbiased estimator of 0, based on X, i.e. T is a measurable function of X such
that EgT(X) = 6. Prove that

Eo[(T(X) — 60)*] > J(0) "
How can you now interpret the fact that Gaussian distribution has minimal Fisher information for
fixed-variance distributions?



